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2AB　　(2AB ≦ ∂M )
またCの位置は, ABの単位方向ベクトルを音とし,中点Mを含む背景格子上の三角形
セルの単位法線ベクトルをiiMとすると,次のように求められる.
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Tbo basic methods are usually used for automatic volume grid generations - advancing frontand Delaunay
methods･ These methods have demonJstrated their efficiency for two-dimensional unstructured meshing･
Unfortunately their extension to three dimensions is a challenge.Among the most trouble features of the
three-dimensionaltriangulation are the lack of any tetrahedralconstructionfor some surface triangulations,
the examples are shownin Fig･ 2･25,the lack of volume Delaunay triangulation for the arbitrary surface
triangulation, andthe lack of efficient tool to eliminate bad shaped tetrahedra which are obtained during the
geheration process･ ne first feature may lead to some problemfor advancing front methods whilethe
second one causes troubles for Delaunay methods.
The methods based upon the advancingfrOnt concept build new elements by growlng uP Or advanclng a
front which imitial1y representsthe boundary surface triangulation･ This method has shown its capabilities
to createthree-dimensionalgrids which exactly conform the glVen boundary surface triangulation･
However the efficiency of the method is t"unded considerably by the use of searchalgorithms to check the
possible intersections between the current front and the newly formed element･ Moreover, sometime it is
impossible tofud an appropriate triangulationfor the front (see Fig. 2.25)without insertion of new point.
That can produce very distorted tetrahedra or can lead to code failure in some pathologiCalcases.
一一-㍗--二
Fig･ 2･25 Sample of triangulated surfaces providing no tetrahedra inside
The second approach is based upon the Delaunay concept 【25-27]. This technique connects thegiven
points to form a topologically valid non-intersecting set of tetrahedra･ This method is much faster as
compared to advancing front method becauseall operations areperformed locallywithout globalsearch
algorithms, and generation process for realistic three-dimensionalgeometry takes about 1 CPU hour on
workstation l26]･ However, Delaunay triangulation may not be boundary conforming. Moreover, unlike
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two-dimensionalcase, sometime constmined Delaunay triangulation for given boundary triangulation does
not exist･ The solution is to add new pointsalOng the boundary to block the penetration of tetrahedra
throughthe boundary surface. However, according to Ref･ 2 this method does not guarantee the desired
resultfor arbitrary case･ rme other method is a direct division of tetrahedra to recover the boundary
surface l26]. Theoretically this method g血rantees recovery of boundary surface but we have foundthat
this method cannot be applied to arbitrary surface triangulation and the optimization of surface
triangulation is required before the boundary recoverlng･
Here a uDelaunay-typeH approach based on edge swapplng method is used･ A simple and robust
algorithm for the boundary constmining by edge swapping followed by a direct division of tetrahedra is
applie-a.
2.6.2 THREE.DIMENSIONAL EDGE SWAPPING INSERTION
The method for tetrahedralgrid generation is based onthe three-dimensionaledge swapplng COnCePt
described in l25] and based on IAWSOn theorem l27]･ There are some advantages of this method over the
widely used Watson method･ First, this method can produce grids optimized by some mesh quality measure
otherthan the Delaunay circumsphere test･ nlis is important becausethree-dimensional Delaunay grid can
result in poorly shaped tetrahedra･ Second,this method can be applied to recover boundary faces･
Unfortunately the three-dimensionaledge swapplng may result in getting stvck in localoptima･Asa result･
the recovenng of boundary faces is notalways successfuland other method should be applied in this case･
pro00dure of a new node insertion into the current triangulation serves as a basic of the grid generation
method.
For each node to be introduced, the tetrahedron containingthe node is located･ TYlis is typically an
efficient localsearch startingwithsome tetrahedron･ ne lately inserted tetrahedron can be used as a
starting one. Three cases c弧be realized･
1. 771e node is inside of the tetrahedron, see Fig･ 2･26a,then the tetrahedron is divided intofour･
2. TTIe node belongs to a face of two adjacent tetrahedra, see Fig･ 2･26b, in this casethe both tetrahedra are
divided into three.
3･ The node belongs to an edge of the tetrahedron･ ln this case the node belongs toall tetrahedra sharing
the edge, see Fig. 2.26C, andall the tetrahedra are divided into two･
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Fig. 2.26 Available cases for node insertion
The faces of the newly created tetrahedra can be swapped to satisfythe optimization criterion･ For each
face to be swapped we consider 5-node configuration - 3 nodes belonglng tO the face and 2 nodes opposlng
to the face･ ne configuration is swappable if the 5-node configuration is convex, see Ref･ 25･ The
swappable configurationsare shown in Fig･ 2･27･ Three cases can be realized:
1･ swapplng Of 2 tetrahedra formlng convex COnfigurationinto 3 tetrahedra,
21 SWaPPlng Of 3 tetrahedra formlng convex configuration into 2 tetrahedra,
3･ swapplng Of 2 tetrahedra having two faces belonging tO One Plane into 2 tetrahedra･
＼<ttt.Itf.～.
云千二t I-
Fig. 2.27 Swappable 5-node configurations
The criterion of swapplng LS usually Delaunay circumsphere test, but other quality measures are possible･
If the circumsphere test is usedandthe insertion is performed into an existing Delaunay triangulation･ the
Dealunay gridwill be produced l28]･
The three-dimensionalincrementalinsertion methods are very sensitive to roundl0fferrors･ If the error
occurs during the convexity test (Computing of tetrahedra volumes), the code may generate tetrahedra with
negative volume that results in fatal error in data structure･ The use of tolerance thresholds l26] does not
produce the desired improvement･ We have found that the convexity test should be computed exactly･ It
could be possible if we fix theminimal change of coordinates'Value that is the same as transformation of
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all coordinatesinto integer arithmetic･ So, if seven digit precision is used for coordinates, 21 digit precision
is necessary to compute the convexity test (volumes of tetrahedra)･ Hopefully the round-offerrors
appearing during the circumsphere test are not fatalforthe resulting grid･ ¶lis round-offerrors treatment
results in an absolutely robust code.
2.63 GRm GENERATION PROCEDtlRE
(1)TriatLguIation of Boundary Points
The procedure starts from the gIVen boundary surface triangulation･ Imitially the background
three-dimensional mesh is established. Usually this mesh involves one tetrahedron containing whole
comp-dtationaldomain.All boundary nodes are incrementally inserted into the triangulation by the above
edge swapplng insertion algorithm･Asa result the Delaunay triangulation of the boundary nodes is
obtained.Asit was mentioned before, this grid does not necessarily containall boundary faces and the next
step is to recover themissing boundary faces･
(2) BoutLdary Face Recovery
For two dimensions thefollowlng algorithm can be used to recover boundaries･All edges fromthe
current triangulation intersectingthegiven boundary edge are examined and their successive swapplng IS
perfomed until the boundary segment becomes a part of the triangulation, see Fig･ 2･28･ In this case the
order of edges to swap IS Important tO PreVentinfimite loops･
Unlike two-dimensionalcase, three-dimensionalproblem of face recovering lS not Straightforward･
Sometime the swapping does not recover the desired face･ ln this case extra nodes should be involved into
the triangulation･ A direct division of tetrahedra is used to recover themiSsing faces･ This method was
proposed originally in Ref. 26. Hercanotheralgorithm is proposed which provide the same result but the
number of cases to consider is sigmificantly reduced.
←二一一テ
Fig･ 2･28 Boundary edge recovery by edge swapplng method
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Let's consider some boundary face (triangle) which does not exist in the tetrahedralconstruction･
Becauseall nodes of the face are integrated into the triangulation,the problem is to recover its edges and
the face itself.Anedge is characterized by two nodes (ends)･ We start bom one of the nodes, let's call it as
A, see Fig. 2.29, and inspectall tetrahedra having this node as a vertex･ If the edge intersects a tetrahedron,
We introduce a new point Q at the place of intersection･ Three possibilities can be realized:
(a) The edgeintersects a face of the tetrahedron, see Fig･ 2･29a･
仲) The edge intersects an edge of the tetrahedron, see Fig･ 2･29b･






Fig. 2.29 Edge re00very by direct division of tetrahedra
In case (a)the node Q is inserted by dividing of two tetrahedra adja品nt to the face BCD intothreちSee
Fig. 2.26b. ln case O))all tetrahedra havingthe edge BC are divided into two, see Fig･ 2･26C･ The segment
AQ is stored as a血Ont segment. If the node Q was inserted we repeat the same procedure starting血.om
point Q instead ofA, otherwise the process for the edge is done･Asa result the boundary of the considered
surface face is represented as a set of line segments which form the initialかontfor face recovery, see
Fig. 2.30.
∠△∠麹
Fig. 2.30 Face recovery by direct division of tetrahedra
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The face is recovered by the following advancing front procedure･ We choose any segment fromthe
丘ont and examineall tetrahedra havingthis segment as an edge. If there is a tetrahedron whose face is
lyiT)g in the front plane we mark this face as a boundary face and update thefront･ If there is no such
tetrahedron, the tetrahedron crossing the fTace is taken in turn and new node P is inserted by division of the
tetrahedron into two as shown in Fig･ 2･30 Next front segment is then considercd･ The process stops after
the front becomes empty･ Finally, all tetrahedra exterior to the computationaldomain are removed･
Tbis direct division of tetrahcdra should bealways successful, however some distorted tetrahedra near
boundary surface can be generated. Moreover, the codemight be failed because of round-offerrors
occuri色d during the determination of the new point position. ne reason is in the feature of Delaunay
triangulation to connect the closest points･ Usually Delaunay tetrahedral grid contains some faces situated
along the boundary surface but sometime these faces do not exactly coincidewiththe given boundary
triangles. So, if we try to recover thegiven surface triangles exactly, some flat tetrahedramight be
generated･ Figure 2･31 shows an example of such situation･ The tetrahedralconstruction and the surface
triangulation showninFig. 2.31(a) lead to forming of distorted tetrahedra･ The resulting boundary
triangulation is shown in Fig. 2.31(b). More complex cases like one shownin Fig･ 2･31(C)mightalso occur･
lnthis Figure the dashed line shows a site from tetrahedralconstruction･ To avoid these situations swapplng
of boundary triangulation is necessary･ One possibility is to optimi2:ethe surface triangulation in advance･
▼
This method applies edge swapping With Delaunay circumcircle criterion in plane tangentialto each pair of
triangles, see Ref. 29,and has been successively used in originalcode･ The second method is to swap
boundary edges ac印rding to the existing three-dimensionaltriangulation･ Notall boundary faces can be
recovered by such swapping but the most dangerous cases producing degenerated tetrahedra are removed
very efficiently.
一命`C∈≧≦
(a) tnld lines correspond togiven surface trian-gulation
P)surface triangulation obtained by the direct divi-sion of tetrahedra
(C)case involving more than two boundary faces
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ng. 2.31 Cases leading to failure of boundary recovenng procedure
(3) hterior Nodes Generation
The interior nodes are generated by the FrontalDelaunay refinement technique similar to one proposed
in Ref. [30,31]. This technique does notJrequire tracking of the front･
1. ne distribution function is computed for each boundary point･ This function is the average of the
boundary edge lengths surrounding a point･
2･ The active flag is assigned to all tetrahedra･ The flag is off if the tetrahedron cannot be refined･ This is
assumed to occur when its maximalside length is less then the average distribution function for the
tetrabedrom
3.All faces are inspected･ If the face is an interface between an active tetrahedron and tetrahedron which is
tumed off, or if the face belongs tothe boundary and its neighboring terahedron is active, a new point is
created by advaming from the face in a direction normal to the selected face･ A distance is determined
by the average distribution function for the face･
4. The element containingthe new point is searched･
5. The distribution function is interpolated to the new point･ The existing points whose distance from the
new point is less than O･7 times the point distribution function are searched･ lf the new point is too close
to an existing point,the new point is rejected and step 3 is performed･.
6･ Insert new point by the insertionalgorithm described above･ Change the active flag to all newly created
or altered tetrahedra.
7･ Repeat steps 3-6 until no more points can be inser【ed･













































































2.39a)を用いたEuler計算例(〟 ≡ 1.2, a=0.Od)
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である.ここで, pは密度, u, V, WはそれぞれX, y, Z方向の速度成分･ eは
全エネルギーである.また, nは検査体積E2の境界面瓜における検査体積の外向
き法線ベクトルである･ F(Q), G(Q)はそれぞれ非粘性流束ベクトル･粘性流束



































ここで, pは圧力, T, qはそれぞれ応力テンソル,熱流束で
(3.3)
(3･4)
･- -号p(2㌢芸一%)I ,〟 -ip(2芸一芸-=)･ 7- -ip(2雷一芸一芸),






となる･ Tは温度で･ FL･ kは粘性係数及び熱伝導係数である･また･ k=FLCp/Pr(Cp
は定圧比熱, Prはプラントル弊)と完全気体の状態方程式p-PRT(Rは空気の気体
定数)の関係から熟流束qは以下のように表わされる.
















〟           γu～-石戸･ V～=石祈･仔-請,　(3･10'

















































(fl)L -PL(UL ･il)･∂.I (fl)R -PR(UR -i.)･∂.,
U-unx+vny+wnz･ p=pL+PR+∂2,














(入1,人2,A,)T = (U～,U～ +aT,U- -a～)T
となる.また,
bR'= max(U～･a～,UR ･aR,0)･ bL- - min(U--a～,UL -aL,0)･
∂三min(箭』 ol =Ap-4p/aT2, PLR -
(UL -dL-)pL ･(dRT -UR)pR
dR'-dL-
dR'= max(U～･a～,UR ･aR)I dL- - min(ULa～,UL -aL)
である.各物理量のRoe平均は以下のように計算する.
pz=rLPL +1･RPR, H王rLHL +rRHR･




(γ -1)[弓(u～2 ･V-2 ･#)]


































A2max + 82 +2A_Amax
V･･ = mlnJ･(.･)A2max +2A2_ +AmaxA_ +82つ
A2min +62 +2A_Amin









































臣Ⅰ･芸-Z･,･A･中Q･･ ･芸-･,･A;AQj - R･･
(3･26)
Ri - -;AS･･J･(f - g):A
となる.さらに式(3･26)の左這第二項の∑j(,.,を∑,･a(.･,と∑jq(i,に分割する･
























lR･･ - i,.芸r･j(AfI -QJ]
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AQ:'m'= D-1【RHSi'm'/- 0･5 0jZ..,ASl,･ (Ah;･'m'- PAAQ;･'m')]
AQzfm'= AQ:'m'- 0･5 0 D-ljZ..㌘ij(Ahr'- p･AQr')
ここで,


































imQdV ･NF･ndS -NG ･ndS =mSdV　　(3･37,
ここに, Qは変数ベクトル, Fは非粘性数値流束ベクトル, Gは粘性流束ベクト
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